This paper deals with the modeling of a tethered kite system. Such systems have the potential to generate power by driving a ground generator from winds at high altitude. To test the validity of controllers developed for the system, it is necessary to employ models of various sophistication. In this paper, the tether is modeled as a collection of point masses connected by inelastic rods. A simple procedure for efficiently determining the tension constraint forces is developed. The procedure used for deploying and retrieving the cable in the model is also presented. This entails the addition and subtraction of elements in the model. A simple feedback controller is derived to maneuver the kite in the cross-wind direction and for maintaining the tether tension at the desired level. The tether length is controlled to maintain the desired altitude of the kite. Numerical results demonstrate the effectiveness of the controller and efficiency of the tether model.
I. Introduction
IND energy is an important resource that can be potentially exploited in new renewable energy systems. Over the last several decades, many proposals have been put forward for devices to extract and utilize wind energy. The most popular design is based on the wind turbines placed relatively close to the ground. However, it is has long been known that the Earth's surface creates a boundary-layer-like effect on the wind so that the wind speed generally increases with altitude. In fact, it is possible for significant wind to be present at higher altitudes with little to no wind on the ground. This knowledge has spawned several radical ideas for wind power extraction. However, many of the basic principles of transmitting wind energy to the ground have been used since the early days of kiteflying, when kites were used for towing boats and wagons, 1 or for lifting objects such as weather instrumentation. 2 In these applications, a kite is flown so as to produce a beneficial lifting or pulling force that is transmitted to an object at lower altitude via a tether. However, as pointed out by Carpenter, 1,2 with the advent of manned aircraft, such devices are seldom used today. One of the major problems encountered in early application of kites for towing vehicles was the lack of adequate feedback control to cope with changing and unsteady winds. Modern day control techniques are capable of circumventing some of these problems, which has seen renewed interest in kite research.
In studies of kite systems for wind energy generation, the tether has been modeled under the assumption that it remains perfectly straight. In Ref. 33 , the tether was modeled as an inelastic rod with distributed mass and drag. It is also relatively easy to consider the effects of longitudinal elasticity by modeling the tether as a single extensible spring. For controller design/testing, it is preferable to develop a model that provides high accuracy of the simulated system with low computational burden. Typically, tether models of differing degrees of accuracy can be used. A natural approach is to represent the tether as a continuum, which entails the use of partial differential equations. A choice must be made as to whether the cable is treated as elastic or inelastic. Continuum models must be discretized for implementation, either via finite differences or by an assumed modes approach. Alternatively, physically discretized models have become prominent in the literature of towed and tethered systems due to their ease of implementation combined with good accuracy. In this paper, a highly efficient tether model, originally developed in Ref. 36 for trajectory optimization of tethered satellites, is presented for modeling a kite attached to a tether with a fixed base. The model incorporates all forces acting on the system except for the effects of tether elasticity.
This paper develops a simulation model and preliminary feedback control algorithm for controlling the kite position. The control variables for the kite are assumed to be the kite angle of attack and roll angle. Together these controls specify the resultant lift/drag forces on the kite under the assumption that its aerodynamic characteristics are known. The kite is connected to a tether, which is modeled based on a lumped mass approach.
II. Dynamic Modeling of Tethered Kite System
The most basic kite system consists of a ground based generator and winch (drum), a tether, and a kite. In this paper, the main focus is on modeling the tether dynamics for the variable length case. In previous work on the kite system, various models have been used, including a lumped mass tether model in Ref. 32 . However, the simulations performed in Ref. 32 were for two-dimensional motion only. The rationale for developing an efficient model is so that it can be used for preliminary control design. A great deal of research has been performed on tether modeling in a variety of environments. This paper draws on this research to develop an efficient tether model based on the lumped mass approach.
In the lumped mass approach, the tether is physically divided into a series of point masses connected by either elastic or inelastic links. The mass of the tether is "lumped" to the discrete masses, together with any external forces acting on the tether. The advantage of this formulation is that it is very intuitive and easy to include a variety of forces on the system. The approach has been validated using both comparisons with more sophisticated continuum approaches as well as with experimental results. When the links are elastic, the internal tether tension is determined as an explicit function of the lumped mass positions. For example, Hooke's law can be used, which models the tension as a linear function of strain. In the lumped mass approach, the strain is assumed to be uniform within each element, but can vary over the length of the tether. Another advantage of modeling the tether as elastic is that the equations of motion are inertially decoupled. This means that the computation of state derivatives for integration is very efficient. On the other hand, the major drawback with modeling the tether as elastic, particularly when the tether has a high stiffness, is that small integration steps must be used to capture the high frequency vibrations. Alternatively, stiff integrators may be required, which can also result in long simulation times if the Jacobians needed by the integrator are calculated via numerical differentiation.
The tether is modeled using inelastic links in this work. The advantage of this approach is that the high frequency longitudinal oscillations are removed from the analysis. In general, this results in dramatic reductions in simulation time due to the removal of high frequency content from the cable dynamics. The geometric shortening of the distance to the tether tip is accounted for due to the changes in geometry of the system, but stretching of the tether is not. The degree of approximation is controlled by the number of discretized elements that are used.
There are three different approaches that can be used to generate the same physical model, but with different implications in terms of complexity and numerical cost. The first is to employ generalized mechanics principles, such as Lagrange's equations or Kane's equations. These approaches require that a minimum number of coordinates be used to represent the system. The result is generally a large set of complex equations that are coupled inertially, i.e., a mass matrix 2N × 2N would need to be inverted, where N is the number of elements. A second approach that can be used is to derive the equations of motion directly via Newton's second law in Cartesian coordinates. To determine the unknown tension forces, a set of constraint equations (usually stabilized) are added to the system. The dynamic equations and constraint equations are then solved simultaneously for the system accelerations and tension forces. The approach that is adopted in this paper is similar to the second approach, except that the constraint equations are derived directly from the equations of motion by first applying a coordinate transformation to the dynamic equations. This effectively breaks up the pendulum motion of each mass from the longitudinal dynamics of each element, which enables the determination of the internal tension forces in a very efficient manner. The tension forces are essentially constraint forces that maintain the tether links at the correct lengths.
The system model is represented as shown in Fig. 1 . An inertial coordinate frame is attached at the exit of the tether winch at O. The inertial axes are defined such that the x-axis points in the direction of the nominal wind, the zaxis points vertically upward, and the y-axis completes the right-handed triad. The tether is modeled as consisting of a series of n point masses connected via inelastic links. The numbering is such that the kite is mass 1 and the last deployed element is n . This numbering is only for convenience when considering deployment and retrieval of the tether and its algorithmic implementation. The distribution of mass in the system is approximated via ( )
where c ρ is the cable mass density, j A is the cross-sectional area of the j th element, and j l is the length of the j th element. Consider the j th lumped mass, j m . The position vector in the inertial coordinate system is denoted by j R . The equations of motion for the j th mass are obtained in a straightforward manner
Clearly, this is the simplest form of the equations if Cartesian coordinates are used to represent the positions. However, Cartesian coordinates complicate the determination of the tension constraint forces and so we seek an alternative representation. Let the position of the j th mass relative to the (j+1)th mass be written as
cos sin , sin , cos cos
where j l is the length of the j th segment, j θ is the angle of the segment to the vertical, and j φ is the out-of-plane angle of the segment. 
The components of the local relative velocity and acceleration are given by
[ cos sin sin sin cos cos , sin cos , cos cos sin cos cos sin ] 
The components of acceleration in Eq. (6) are coupled to each other when expressed in the inertial frame, but are obviously decoupled from the surrounding masses. If we define a tether body frame which is attached to the tether with one axis tangent to the j th tether element, then the transformation between the inertial axes and the tether body frame is readily derived as / cos 0 sin sin sin cos cos sin cos sin sin cos cos
With this transformation, the acceleration terms in the body frame can be written as 
A vector that is tangent to the j th element is given as the last row of the matrix in Eq. (7). Hence, the tension vector for the j th element can be written as [cos sin , sin , cos cos ]
Using this definition, the forces acting on the j th mass can be written as
where , ,
⎦ contain all external forces acting on the cable except the tension. After applying the coordinate transformation in Eq. (7) to the right hand side of Eq. (4), the right hand side of the equations of motion expressed in the tether body frame are obtained as ( ) 
The complete equations of motion must incorporate the relevant boundary conditions applicable to the real system. For example,
In the following subsection the external forces on the cable are derived.
A. External Tether Forces
The main forces acting on the tether system are aerodynamic drag, gravity, and forces from the kite. Each of these forces are dealt with in the following subsections.
Tether Drag
The drag forces acting on the tether are separated into normal and tangential components. First, the relative velocity of the wind is computed at the center of each segment according to
where w j v is the velocity vector of the wind components at the center of the j th cable element. The tangential component of the velocity along the cable segment is calculated by
The total drag force on the j th segment is then calculated by
where D C is the cable drag coefficient, and n f and t f are the normal and tangential loading functions given by Fig. 3 . In the lumped mass approximation, the drag forces from adjacent segments are lumped (or averaged) to the j th mass, 
Gravity
The gravitational forces on the masses are applied using the mass distribution given in Eq. (1). In the inertial frame the force is defined as
Kite Lift and Drag
Probably the most important force acting on the tether is due to the kite. The lift and drag forces from the kite are applied directly at the end of the tether. The kite is assumed to be controlled by manipulating its angle of attack and roll angle. Thus, in this study, its attitude dynamics are ignored. This is the approach that was taken in Refs. 32 and 33, and is also the approach used for trajectory analysis for aircraft. A more detailed kite model is presented in Ref. 34 . The incorporation of more representative kite models into the system model presented here is the subject of future research.
The lift and drag forces due to the kite are derived using a velocity coordinate system, as shown in Fig. 4 .
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Fig. 4 Lift and drag forces on kite.
The vector that defines the plane containing the drag force and the velocity vector is given by 
It should be noted that the roll angle is defined here relative to the tether line. This is not the traditional roll angle, which is typically taken relative to an inertial axis system. The advantage of the definition used here is that it makes
the roll angle independent of the local tether direction. This has implications for control implementation as the wind direction changes.
B. Internal Tension Determination
Unfortunately, the equations of motion defined by Eqs. (8), and (11) through (13), together with the external forces, can not be solved immediately because the n tension forces appearing in Eqs. (11) through (13) are unknown. It should be noted, of course, that these forces could be calculated from the segment lengths and a constitutive law for the material, i.e., by inclusion of tether elasticity. In fact, the equations of motion as derived are quite general and can be applied in such a case. Therefore, the equations are written in a convenient reusable form if tether stretching needs to be included in the model. To integrate the system of equations, the fact that the segment lengths are known (they are either fixed, or the element closest to the deployer varies in length -see next section) is used to determine the tension forces.
Using knowledge of the tether lengths allows the third equation of motion in the tether body frame to be written as an algebraic equation. All variables appearing in the set of equations, including the right-hand side defined by Eq. (13), are known except the tension forces. The n-equations must be solved simultaneously for the n tension forces, which is achieved efficiently via a Gaussian elimination algorithm (LAPACK is used for the implementation of this algorithm). Note that this is much more efficient than typical implementations using Cartesian coordinates that require constraint stabilization and the differentiation of the constraint equations, i.e., only the angular generalized coordinates need to be integrated here. Once the tensions are determined, they are substituted into the remaining equations of motion for integration.
C. Incorporating a Variable Length Tether
The tether is modeled as a collection of lumped masses connected by inelastic links, which makes dealing with the case of a variable length tether difficult. In particular, it is necessary to have a state vector of variable dimension and to add and subtract elements from the model at appropriate times. When the tether is treated as elastic, great care needs to be exercised to ensure that the introduction of new elements does not create unnecessary cable oscillations. This can happen if the position of the new mass results in the incorrect tension in the new element. However, for an inelastic tether, the introduction of a new mass occurs such that it is placed along the same line as the existing element. Thus, the new initial conditions for the incoming element are that it has the same angles and angle rates as the existing element (closest to the deployer). If the critical length for introduction of a new element is defined as ( )
, then the new element is initialized with a length of * k in nondimensional units, and the same length rate as the previous nth element. This process is illustrated in Fig. 5a . During retrieval, elements must be removed. Here, the nth element to be removed and the (n-1)th element needs to be used to update the initial conditions for the new * n th element. In this work, the position and velocity of the (n-1)th mass is used to initialize the 
Similarly, the relative velocity of the (n-1)th mass in the inertial frame is given by cos cos s n n n n n n n n n n n n n n n n n n n n n n n n n n n n n n n n n n n n n n n n 
It should be noted that these updates keep the position and velocity of the (n-1)th mass the same across the update. The reason for this is that the positions and velocities of all subsequent masses depend on the position/velocity of the nth mass. Hence, if this is changed, then the position and velocity of all masses representing the tether change instantaneously. The accuracy of the updates depend on the transition parameter ** k , which is used to monitor the length of the nth segment. An element is removed when ** nom n l k l < . Because the tether is inelastic, altering the length of the new nth element does not keep the total tether length or mass constant unless the nth and (n-1)th elements are tangential. Therefore, by choosing ** k small enough, the errors in the approximation can be made small.
III. Kite and Tether Feedback Control
The issue of stabilizing and controlling a flexible kite is a complex one. As yet, suitable kite models applicable to flight control design have not been fully realized. Hence, we proceed with a point mass kite model, assuming that the angle of attack and roll angle are control variables. This implies that the magnitude and direction of lift are controlled/demanded, rather than actual actuator deflections. In Ref. 34 , it was demonstrated that control of the kite motion can be achieved by moving the positions of the attachment points on the kite wingtips. However, this requires a more complex model of the kite. The goal of future inner-loop design for the kite will be to move the tether attachment points to achieve a demanded angle of attack and roll angle.
In addition to control of the kite itself, the tether length is also a control input into the system. The ultimate objective of the tethered kite system is to generate power, as discussed elsewhere. 33 In this paper, we present basic controllers to manipulate the motion of the kite system. The key variables to consider are: 1) kite altitude, 2) kite cross-wind position, 3) tether tension. In this study, we are not interested in the downwind position of the kite. The key variables considered for control of the kite motion are shown in Fig. 6 . Effectively, the kite altitude can be controlled by the amount of tether deployed, provided that the kite is generating sufficient lift. The amount of lift generated by the kite controls the tension in the line. Therefore, the angle of attack is used to regulate the tether tension. The cross-wind position of the kite can be controlled by the roll angle. However, all three outputs are influenced by all three inputs. For example, increasing the angle of attack results in larger lift forces, which tends to make the tether more vertical. There is a limit, however, before the induced drag is enough to offset the gain in altitude. The predominant altitude of the kite for a steady value of lift is dominated by the amount of deployed tether.
Fig. 6 Key variables for kite control.
The tether length is controlled via the second derivative of the tether length using the following feedback law
The use of the length acceleration rather than purely length rate is due to the fact that the model uses the equation of motion for the tether segment lengths to compute the tether tension. When the tether is modeled as elastic, the tether length is not restricted to being controlled through the acceleration. However, control via acceleration tends to make the deployment smoother. A commanded altitude is input, c h . The measured altitude of the kite, kite h , is used to produce a proportional command for the tether length rate. The length rate command is subject to saturation limits given by Eq. (31). The commanded length rate is compared to the measured length rate. The error is used to Lift Height Tension Tether Length produce a proportional demand for the tether length acceleration. The length acceleration is also subject to saturation limits.
The kite roll angle is used to control the direction of the lift vector. A commanded roll angle is specified by the following expression
This roll angle is derived based on the definition of the direction of the lift vector at the end of the tether. It uses the commanded position of the kite, c y , and feedback of the measured cross-wind position kite y and the cross-wind kite velocity. The cross-wind kite velocity is used to provide damping of the motion. The error in cross-wind position is integrated to account for the fact that the desired roll angle is not linearly proportional to the cross-wind error.
The actual roll is limited by the following saturation limits 
This also implies that the integral in Eq. (32) is subject to antiwindup protection. The implementation of Eq. (34) is also subject to a slew rate limit to prevent instantaneous changes in roll angle.
The kite lift is controlled via the angle of attack. The rate of angle of attack is commanded as follows 
where c T is the commanded tether tension. It is important to point out that the commanded tether tension is actually the component of tension in the vertical direction. Therefore, the feedback ensures that the kite keeps the tether as vertical as possible. The actual angle of attack rate is limited by 
The actual angle of attack is implemented as a function of the integral of Eq. (36) 
Note that the angles used in Eqs. (38) and (39) represent the tangential direction of the tether at the kite. We note that the requirements for these feedback laws are the kite position, cross-wind velocity, tether length and length rate, tension vector at the kite, and relative wind speed at the kite.
IV. Numerical Results
To illustrate the combined interaction of the tether model and the feedback controllers, we consider the scenario where we would like the kite to reach an altitude of 3200 m, and move across the wind in a sinusoidal pattern with a frequency of 2 /20 π Hz, with the tether tension maintained at 900 N. The kite has an area of 25 m 2 , a mass of 20 kg, the tether length is initially 3000 m, the tether mass density is 1000 kg/m 3 , the drag coefficient is 1.2, and the diameter is 1 mm. The nominal wind profile is given by W x = 15-15exp(-h/500) m/s. The feedback control gains were selected as: 7 shows the cross-wind position of the kite. On the scale of plot it can be seen that there is very little difference between the different simulation cases. In the nominal case, the kite positions follows the desired path very well, with approximately 5 m error at the extremes of the sine wave. The random winds affect the tracking error predominantly at the extremes of the trajectory due to the fact that the kite is moving at its slowest relative speed at these points. Fig. 8 shows that the kite is initially about 200 m below the desired altitude. The initial configuration of the system is nearly vertical, which is significantly out of equilibrium for the applied winds. Hence, the kite initially drops in altitude as it is taken downwind. The tether is reeled out simultaneously, until the desired altitude is eventually reached. In the unsteady winds, the kite follows the same basic pattern, with slightly different overshoots in altitude. The kite altitude is controlled reasonably well. There are no sudden drops in altitude, and the error relative to the constant winds case is on the order of about 10 m. Fig. 9 shows the kite angle of attack, Fig. 10 shows the roll angle, and Fig. 11 shows the tether tension. It can be seen in the steady wind case that the control inputs are very smooth, with all states converging very close to the desired values. The angle of attack saturates at the maximum allowable of 15 deg near the beginning of the simulation, but settles down to a nearly constant value for steady winds. The unsteady winds have a significant effect on the required angle of attack to achieve the desired tension at the kite. This is due to the fluctuations in tether tension as the winds change. In practice, the real tension would not be expected to change so rapidly due to the delays caused by the tether elasticity. Furthermore, internal damping in the tether would also prevent large spikes in the tension. The measured tension would be similarly noisy. However, the measured tension would not be fed back directly. Instead, it would be filtered to remove the high frequency content and noise. Hence, one might expected the angle of attack to converge more towards the steady wind case. The roll angle of the kite varies very moderately in the case of a steady wind. The peak to peak amplitude is on the order of 0.7 deg. In the case of unsteady winds, peaks of up to 10 deg are observed. Fig. 12 shows an example of the tether shape taken from an animation of the simulation results. It is evident that the tether does not maintain a straight line shape.
Consider now the case where it is desired to deploy the kite a significant distance. The kite is initially attached to a 300 m long tether, and the desired final altitude is 2000 m. Deployment is commanded after 100 sec using a cosine variation in altitude. Simulations were performed with the model using segment lengths of 100 m. Furthermore, both steady and unsteady winds were considered. In the case of unsteady winds, only cross-wind components are considered. The same parameters and gains are used as in the previous case. Numerical results are shown in Fig. 13 through Fig. 18. Fig. 13 shows the cross-wind component of the kite position during deployment. The results show that the cross-wind error is kept within a mean of approximately 5 m. The results also show that the mean error tends to increase throughout the simulation. This is the result of the increase in tether length. Fig. 14 shows the kite altitude throughout the deployment. The effect of the cross-winds on altitude is negligible compared with the true altitude of the kite. It can be seen that the kite follows the cosine-deployment quite well with minimal overshoot. Fig. 15 shows the kite angle of attack, which is initially saturated due to the combination of low wind speed at 300 m altitude, and the lack of tension in the tether. When the tether starts deploying, and the tension begins to increase, the angle of attack reduces. The variation in angle of attack is very smooth, even in the case of cross-wind disturbances. Fig. 16 shows that the majority of the unsteady winds are compensated for by changes in the kite roll angle. Peak roll angles on the order of about 2 deg are required. Fig. 17 shows that the tether tension is initially quite low. This is caused by the initial angle of attack, which is set to 2 deg. For a tether length of 300 m and the specified winds, the maximum tension that can be induced is about 600 N. When the kite reaches higher altitudes, the tension increases until it eventually converges to the desired value of 900 N. Finally, Fig. 18 shows the unsteady wind that is applied during the simulation. It is interesting to note that the mean cross-wind (y) error remains approximately zero despite the change in the wind direction. Fig. 16 shows that this is achieved via a mean change in the kite roll angle. 
Conclusions
A dynamic model of a tethered kite system has been derived based on a lumped mass methodology. The model is able to simulate the dynamics of a variable length tether by the addition and subtraction of elements. The cable is treated as inelastic to enable larger time steps to be taken than can be achieved using elastic cable models. Feedback controllers for the kite angle of attack, roll angle, and tether length were derived to manipulate the altitude, crosswind position, and tether tension. Numerical simulations with steady and unsteady winds show that the kite can be successfully controlled to maintain altitude and tension, as well as fly a specified cross-wind trajectory.
